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We show that far field diffraction image of spontaneously scattered Raman photons can be used
for detection of spin entanglement and for metrology of fields gradients in cold atomic ensembles. For
many-body states with small or maximum uncertainty in spin-excitation number, entanglement is
simply witnessed by the presence of a sharp diffraction peak or dip. Gradient vector of external fields
is measured by the displacement of a diffraction peak due to inhomogeneous spin precessions, which
suggests a new possibility for precision measurement beyond the standard quantum limit without
entanglement. Monitoring temporal decay of the diffraction peak can also realize non-demolition
probe of temperature and collisional interactions in trapped cold atomic gases. The approach can
be readily generalized to cold molecules, trapped ions, and solid state spin ensembles.
PACS numbers: 03.67.Mn, 06.20.-f, 42.25.Fx, 67.85.-d
I. INTRODUCTION
Cold atomic ensembles offer an ideal platform for the
study of quantum many-body physics and for the imple-
mentation of quantum information processing [1]. With
entanglement speculated as a key phenomenon in these
occasions, efficient approach to detect entanglement is
crucial for understanding its profound roles [2]. Spin of
cold atoms is also widely used for precision measurement
of external fields. A topic of current interest is quantum
metrology which utilizes quantum properties and partic-
ularly entanglement in the probe system to reach mea-
surement sensitivity beyond the standard quantum limit
(SQL) [3].
To address these outstanding demands in the explo-
ration of quantum physics and quantum technology us-
ing cold atomic ensembles, the key is efficient access to
the right piece of information in the spin subspace. An
ideal interface between spin and photon is offered by the
process of spontaneous Stokes scattering [4–13]: with a
laser driving an ensemble of atoms in Λ-configuration, a
collective spin-excitation can be spontaneously converted
into a Stokes photon with phase and wavevector pre-
served. One may thus anticipate that photon diffraction
pattern can provide information on collective spin prop-
erties. Earlier studies on the diffraction of collectively
emitted photons have focused on the super-radiance phe-
nomenon (i.e. induced directional coherent radiation) in
very dense atomic ensembles [14–16], or in ensembles pre-
pared with a single excitation [17–21].
In this paper, we show that the far field diffraction
image of spontaneously emitted Raman photons can be
used for detection of spin entanglement and for precision
measurement of gradient vector of external fields in cold
atomic ensembles. We find the strength of a sharp diffrac-
tion peak or dip measures spin pair-correlation sum and
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detects entanglement through pair-correlation sum rules
we derive from optimal spin squeezing inequalities [29–
32]. For many-body states with small or maximum uncer-
tainty in spin-excitation number, entanglement is simply
witnessed by the presence of the peak or dip. Inhomo-
geneous spin precessions in a field gradient lead to dis-
placement of the diffraction peak (dip), which can serve
as a principle for vector metrology of fields gradients and
for calibration of inhomogeneity in optical lattices. The
gradiometer sensitivity can reach 1/N by using a spin-
coherent-state of N unentangled atoms as the probe,
which suggests a new possibility for going beyond the
SQL of 1/
√
N without entanglement [34–37]. Motional
dynamics leads to temporal decay of the diffraction peak
which can be used for non-demolition probe of tempera-
ture and collisional interactions in trapped atomic gases.
Two remarkable features make this approach particu-
larly suitable for ensembles with large number of atoms.
First, regardless of the ensemble size, spin dephasing
noise as a major error source only results in decay of the
peak (dip) strength in a timescale equal to the dephas-
ing time of a single spin. Second, the number of useful
photons from a single copy of many-body state can be as
large as its spin-excitation number for cold atomic ensem-
bles which are typically dilute (i.e. interatomic distance
comparable to or larger than optical wavelength). This
approach complements existing optical methods for prob-
ing many-body quantum states [22–28], and is readily ap-
plicable in other systems including molecular ensembles,
trapped ions and solid state spin ensembles.
The rest of the paper is organized as follows. In sec-
tion II, we analyze the the far field diffraction pattern
of Raman photons and show how to extract the pair-
correlation sum of atomic spins. In section III, we derive
pair-correlation sum rules for detecting entanglement. In
section IV, we analyze the time evolution of the diffrac-
tion pattern from dilute ensembles. In section V, we dis-
cuss the use of the diffraction pattern for precision mea-
surement of field gradient and for non-demolition probe
of atomic motion and temperature. Section VI is a brief
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FIG. 1: Far field diffraction image of Stokes photons from permutation-symmetric dilute ensembles. The pair-correlation sum
P in the many-atom state of interest manifests as a sharp diffraction peak (for P > 0) or dip (for P < 0) along the forward
direction, with strength ∝ |P | and width inversely proportional to the ensemble size.
summary to the paper. More supplementary details on
the derivations are grouped in the Appendices.
II. DIFFRACTION PATTERN OF STOKES
PHOTONS
Consider an optically thin cold atomic ensemble with
a Λ level configuration where two atomic ground states
|g〉 and |s〉 can be optically coupled to a common ex-
cited state |e〉 (Fig. 1 inset). The ensemble is driven by a
laser with Rabi frequency ΩL, detuning ∆ and wavevec-
tor k0 = k0zˆ. We assume atomic motion can be taken as
frozen in the duration of photon emission. With the laser
coupling the |s〉 to |e〉 transition, an atom can go from
state |s〉 to |g〉 by emitting a Stokes photon into the vac-
uum. When ∆ is much larger than ΩL and the excited
state homogeneous line width Γ0, |e〉 can be adiabatically
eliminated, leading to the effective light-atom coupling in
the electric-dipole and rotating wave approximation:
Hˆ =
∑
k
~ωkaˆ†kaˆk +
∑
j
Ezσˆ
z
j
+
∑
k
gk
∑
j
e−i(k−k0)·rj σˆ−j aˆ
†
k + h.c.. (1)
Here gk =
ΩL
2∆
√
2piωk
V eˆk · µ, eˆk and µ being respectively
the unit polarization vector and the single atom dipole.
σˆ−j ≡ |g〉j〈s| and σˆzj ≡ |s〉j〈s| − |g〉j〈g|. We assume anti-
Stokes scattering is either forbidden by the polarization
selection rule or suppressed by the much larger detuning
when Ez  ~∆.
Emission of a Stokes photon into mode k = (k, θ, ϕ)
is accompanied by the annihilation of a spin excitation
by Jˆ−(∆k) ≡ ∑Nj=1 e−i∆k·rj σˆ−j , ∆k = k − k0. The an-
gular distribution of the photon emission rate is given
by I(θ, ϕ, t) = Is(θ)Ic(θ, ϕ, t). Is is the single atom
dipole emission pattern, a slow varying function of θ.
Ic(θ, ϕ, t) ≡ Tr[Jˆ+(∆k)Jˆ−(∆k)ρ(t)] is the collective fac-
tor where ρ(t) is the atomic density matrix. At the initial
time of photon emission,
Ic(θ, ϕ, 0) = 〈Nˆs〉+
∑
j 6=j′
e−i∆k·(rj−rj′ )〈σˆ+j′ σˆ−j 〉 (2)
= 〈Nˆs〉 − P
N − 1 + P
|〈∑j e−i∆k·rj 〉|2
N2 −N ,
where Nˆs ≡
∑
j(σˆ
z
j + 1)/2 is the spin-excitation num-
ber operator. Here and hereafter 〈· · · 〉 denotes the ex-
pectation value over ρ(0), the initial many-body state of
interest. P ≡ 〈∑j 6=j′ σˆ+j′ σˆ−j 〉 is the sum of spin pair-
correlations. The last equal sign in Eq. (2) holds when
ρ(0) is invariant under permutation of atoms, which is
the typical situation for atom gases. |〈∑j e−i∆k·rj 〉|2
is a sharp feature which equals N2 along the forward
direction (θ = 0), and drops to zero for θ ≥ θb ≡
min{
√
pi
k0H
, 2pik0A} where A and H are respectively the
transverse and longitudinal size of the ensemble (Fig. 1).
Thus, positive (negative) pair-correlation sum manifests
as a sharp diffraction peak (dip), and its magnitude can
be read out from the ratio of the peak (dip) to the back-
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FIG. 2: (a) Phase diagram in the parameter space (〈Nˆs〉,∆Ns, P ). States in the surrounded region are all entangled ones.
(b) A slice of (a) taken for 〈Nˆs〉 = N/2. The red, blue and green regions are entangled states violating inequalities (4a), (4b)
and (4c) respectively. The grey surfaces in (a) and the black curves in (b) are boundaries between physical and unphysical
regions. Positive and negative sections of P axis use different linear scale. (c) Strength of the diffraction peak (red) or dip
(blue) for eigenstates of total spin Jˆ2 and Jˆz. Inequalities (4a) and (4b) are violated in the peak and dip regions respectively.
States violating inequality (4c) form a subset of the dip region, to the left of the dashed curve. (d) Upper (lower): peak (dip)
to background ratio as a function of the collection interval τc for a half-spin-excitation state with P = 2.5N (P = −0.35N),
shown as the black curve. The calculation is for N = 4000 atoms of a 2D Gaussian distribution with FWHM A = 100 µm.
Peak or dip (background) strength is evaluated at θ = 0 (θ = 2pi
k0A
), shown by the blue (red) solid curve. Dashed curves are
calculations with the multiple-light scattering and dipole-dipole interaction neglected.
ground:
I(θ = 0)− I(θb)
I(θb)
=
P
〈Nˆs〉 − P/N
. (3)
For general states in optical lattices without the per-
mutation symmetry, P can be measured after sudden
release of atoms into a spin-independent trap [1]. The
density matrix averaged over many ensemble copies will
become permutation-symmetric after atoms lose mem-
ory of their initial positions, while P is preserved by the
atomic motions. Moreover, we find that pair-correlation
sum of a dilute hot atomic vapor can be measured in the
same way if Stokes photon emission is controlled to be
much slower than atomic motions (see last part of Ap-
pendix A).
III. ENTANGLEMENT DETECTION
The pair-correlation sum measured from the peak (dip)
to background ratio (Eq. (3)) can detect entanglement
via spin squeezing inequalities [29–32]. The longitudi-
nal component of total spin is equivalent to the spin-
excitation number: Nˆs ≡ Jˆz + N/2, and the second
moment of transverse components is equivalent to the
pair-correlation sum: 〈Jˆ2x〉 + 〈Jˆ2y 〉 = P + N/2. Many
spin squeezing inequalities derived for first and second
moments of total spin can thus be formulated as pair-
correlation sum rules. For example, the optimal spin
squeezing inequalities discovered in Ref. [31] become:
P ≤ (N − 1)∆N2s , (4a)
P ≥ −∆N2s , (4b)
(N − 1)P ≥ 〈Nˆ2s 〉 −N〈Nˆs〉. (4c)
Where ∆Ns ≡ (〈Nˆ2s 〉−〈Nˆs〉2)1/2. Violation of any one of
the inequalities (4a-4c) implies entanglement. With the
spin-excitation number Nˆs conserved in most physical
processes of interest, its expectation value are usually
known a priori.
∆Ns can also be measured from the peak (dip) to back-
ground ratio in the diffraction image taken after a global
rotation of the ensemble. With a pi/2 about an in-plane
axis transforming Jˆx → Jˆz or Jˆy → Jˆz, 〈Jˆ2y 〉+〈Jˆ2z 〉−N/2
or 〈Jˆ2x〉+〈Jˆ2z 〉−N/2 can be obtained from the peak (dip)
to background ratio in the diffraction image, from which
4we can solve for ∆Ns.
Entanglement detection based on the above pair-
correlation sum rules is described by the phase diagrams
shown in Fig. 2 (a-c). Qualitative criteria become possi-
ble for entanglement witness in two limits. With vanish-
ing ∆Ns seeing either a diffraction peak or dip verifies
entanglement, while with maximum ∆Ns seeing a dip
verifies entanglement (Fig. 2 (a-b)). On the other hand,
a peak (dip) strength exceeding some threshold value al-
ways implies entanglement. Taking half-spin-excitation
states for example, observing a dip to background ratio
|r| ≥ 12 or a peak to background ratio r ≥ N(N−1)N+1 verifies
entanglement for any possible ∆Ns. P and ∆Ns can also
quantify the entanglement depth in the vicinity of Dicke
states [32].
Furthermore, the diffraction image can be used to mea-
sure delocalized entanglement as defined in Ref. [33] for
atoms in optical lattices. A measure of the bipartite de-
localized entanglement at specified distance x is given by
the entanglement of formation for delocalized bipartite
reduced density operator
ρAB(x) ≡ 1
Cx
∑
j
ρj,j+x. (5)
Here Cx is the normalization coefficient which corre-
sponds to the number of pairs {j, j + x}. ρj,j+x denotes
the two-qubit reduced density matrix deduced from the
initial ensemble state ρ(0), where only the sites j and j+x
of the lattice are kept while all others are traced out.
As shown in Ref. [33], the lower bound of entanglement
of formation for ρAB(x) can be evaluated from the fidelity
fφ(x) ≡ 〈φ|ρAB(x)|φ〉, with φ being one of the four Bell
states Φ± and Ψ±. The fidelity is found to be
fΦ±(x) =
1− Tr[∑j σˆzj σˆzj+xρ(0)]
4
± Px + P−x
2
, (6)
where the correlation Px ≡ Tr[
∑
j σˆ
+
j σˆ
−
j+xρ(0)]. fΨ±(x)
can be obtained from fΦ±(x) by applying a global unitary
transformation.
Eq. (2) can be rewritten as Ic(θ, ϕ, 0) = 〈Nˆs〉 +∑
x e
−i∆k·xCxPx. The correlation Px for arbitrary x can
therefore be obtained through a Fourier transform of the
diffraction image. Note that Px+P−x = Tr[
∑
j(σˆ
x
j σˆ
x
j+x+
σˆyj σˆ
y
j+x)ρ(0)]. Thus, Tr[
∑
j σˆ
z
j σˆ
z
j+xρ(0)] can also be ob-
tained by applying a global rotation to all spins to trans-
form σˆx → σˆz or σˆy → σˆz.
IV. PERTURBATIVE SOLUTION OF THE
ATOMIC EVOLUTION
Hereafter, we focus on dilute ensembles where inter-
atomic distance is comparable to or larger than optical
wavelength. Remarkably, under this condition, one can
collect all Stokes photons, not only those initial ones, for
measuring the pair-correlation sum and detect entangle-
ment in ρ(0).
The diffraction pattern at an arbitrary time is deter-
mined by the instantaneous atomic density matrix ρ(t)
which differs from ρ(0). As well established in the liter-
ature of superradiance [16], the evolution of ρ(t) is de-
scribed by the Lindblad master equation in the Born-
Markov approximation,
ρ˙(t) = L0ρ(t) + L1ρ(t), (7)
L0ρ ≡ Γ
2
∑
j
(2σˆ−j ρσˆ
+
j − σˆ+j σˆ−j ρ− ρσˆ+j σˆ−j )
L1ρ ≡
∑
j 6=j′
Γjj′
2
(
2σˆ−j ρσˆ
+
j′ − σˆ+j′ σˆ−j ρ− ρσˆ+j′ σˆ−j
)
+i
∑
j 6=j′
Gjj′
2
[σˆ+j′ σˆ
−
j , ρ],
where Γjj′ = Γ
sin(k0|rj−rj′ |)
k0|rj−rj′ | and Gjj′ = Γ
cos(k0|rj−rj′ |)
k0|rj−rj′ |
describe respectively the multiple light scattering and
dipole-dipole interaction [16, 20]. In the study of super-
radiance phenomena in very dense atomic ensembles,
these effects must be accounted non-perturbatively [14].
Γjj′ and Gjj′ drop fast with distance. In dilute atomic
ensembles where the atom-atom distance is comparable
or larger than the photon wavelength, the atomic evo-
lution can be solved perturbatively. Using the Laplace
transform w(z) =
∫∞
0
dte−ztρ(t), we have
w(z) =
1
z − L0 − L1 ρ(0).
For k0|rj − rj′ | ≥ 2pi, L1 is small compared to L0, and
we make a perturbative expansion 1z−L0−L1 =
1
z−L0 +
1
z−L0L1 1z−L0 + · · · . By inverse Laplace transform we can
get the solution of the atomic density matrix ρ(n) keeping
up to the n-th order effects of L1.
For the zeroth order solution ρ(0)(t) =
eL0tρ(0), we find Tr[Jˆ+(∆k)Jˆ−(∆k)ρ(0)(t)] =
e−ΓtTr[Jˆ+(∆k)Jˆ−(∆k)ρ(0)], i.e. the initial diffrac-
tion pattern is preserved for all time. Comparisons
with exact solution of master equation for a chain of 12
atoms show that the perturbation expansion converges
fast for k0|rj − rj′ | ≥ 2pi, and the effects of the multiple
light scattering and dipole-dipole interaction are well
accounted by keeping only the first order effects of the
L1 term:
ρ(1)(t) = ρ(0)(t) +
∫ t
0
dτeL0τ
[
L1ρ(0)(t− τ)
]
.
The L1 term leads to slow varying modulation of the
diffraction pattern, which barely changes the ratio of the
sharp peak (dip) to its neighboring background. Details
on this modulation and the convergence check for the
perturbative solutions can be found in Appendix A.
Based on this perturbative solution, we analyze the
diffraction pattern of Stokes photons as a function of the
collection time τc. We find the weak processes of L1
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FIG. 3: Diffraction images (lower parts) from atomic ensemble in different spin configurations (upper). (a) Spin-coherent-
state with in-plane polarization. (b) Evolution in a Zeeman field gradient imprints a phase gradient of spins, resulting in a
displacement of the diffraction peak which can be a principle of gradiometer. (c) Atomic motions diminish the spin polarization,
resulting in decay of the displaced peak. This can be a principle for non-demolition measurement of atomic temperature and
collisional interactions.
only result in slow varying modulation of the diffraction
pattern, barely changing the ratio of the sharp peak or
dip to its neighboring background. Namely,
r(τc) ≡ n(θ = 0, τc)− n(θb, τc)
n(θb, τc)
∼= P〈Nˆs〉 − P/N
(8)
where n(θ, ϕ, τc) ≡ δΩ
∫ τc
0
dtI(θ, ϕ, t) is the number of
photons emitted into an infinitesimal solid angle in the
collection interval 0 ≤ t ≤ τc. For a dilute ensemble
Eq. (8) holds for arbitrarily large τc (cf. Fig. 2 (d)).
Thus the pair-correlation sum can be faithfully read out
from the diffraction pattern of all photons, not limited to
those initial ones.
We estimate the range of applicability of our treat-
ment. The dilute condition is satisfied by typical cold
atom gases of a density 1010− 1012 cm−3 or by atoms in
optical lattice. The duration of Stokes photon emission
is of a timescale Γ−1 = (ΩL2∆ )
−2Γ−10 . The excited state
decay rate Γ0 & 30 µs−1 for typical alkali atoms. [6–13]
Taking (ΩL2∆ )
−2 ∼ 40, all Stokes photons are emitted in
a timescale Γ−1 . µs. For cold atom gases with a tem-
perature of 1− 100 µK, the average velocity is 0.01− 0.1
m/s. Atoms can only travel 10− 100 nm in the duration
of Γ−1 which is indeed negligible as compared to the light
wavelength.
V. FIELD GRADIOMETER AND
NON-DEMOLITION PROBE OF ATOMIC
MOTIONS AND TEMPERATURE
Under free evolution, the pair-correlation changes as
Tr[σˆ+i′ σˆ
−
i ρ(τ)] = e
i(ηiτ−ηi′τ)−2γτTr[σˆ+i′ σˆ
−
i ρ(0)], where ηi
is the Zeeman frequency and γ the homogeneous dephas-
ing rate of an individual spin. The pair-correlation sum
thus decays only at the single spin dephasing rate. There-
fore entanglement in ρ(0) can be reliably detected from
the dephased state ρ(τ) as long as τ  γ−1, even when
the fidelity is exponentially small with N [32].
Spatial inhomogeneity of external fields leads to posi-
tion dependent Zeeman frequency η(r) and hence inho-
mogeneous precessions of spins. If the size of the ensem-
ble is small compared to the variation length scale of the
field, the dominating term is the gradient: η(r) ∼= r · ∇η.
For an ensemble initially in a permutation-symmetric
state, after an interval τ0 with frozen motion in the
Zeeman field gradient, the diffraction pattern becomes
Ic = 〈Nˆs〉− PN−1 + PN2−N |〈
∑
j e
−i(∆k−τ0∇η)·rj 〉|2. We fo-
cus on situations where ∂zη is either zero or not picked
up by atomic ensembles of a quasi-2D geometry in x− y
plane. The in-plane gradient simply results in a displace-
ment of the sharp diffraction peak or dip, preserving its
strength and shape (Fig. 3). This has several significant
consequences. First, by evolution in an external field of
known gradient, entanglement can be detected by mea-
suring the peak or dip along a chosen direction with finite
θ, such that detectors do not pick up laser photons. Sec-
ond, the displacement measures the vector value of the
gradient. It can thus be used as a principle of vector
gradiometer of magnetic field, static electric field via dc
Stark effect, and light field via ac Stark effect [12].
An ideal probe state is the spin-coherent-state of N
unentangled atoms with in-plane polarization, which can
be realized by optical pumping followed by a spin rotation
to the in-plane direction. The gradient is then probed
simultaneously by the ∼ N2 classical pair-correlations,
and its vector value is encoded as the displacement of a
diffraction peak with strength ∼ N2.
Now we analyze the sensitivity of our diffraction based
Zeeman field gradiometer. Consider the atoms of a 1D
6geometry illustrated in Fig. 4 (a) with a Gaussian spa-
tial distribution of full-width-half-maximum (FWHM)
A. Atoms are initialized in the spin-coherent-state and
evolved in the Zeeman field gradient for an interval of
τ0. The diffraction pattern is then:
N2
4 f(θ) +
N
4 , where
f(θ) ≡ e− (k0A)
2
4 (θ−θ0)2 is a sharp peak centered in a tilted
direction: θ0 = k
−1
0 τ0∂xη. Our goal is to extract this di-
rection from the photon statistics. The field gradient can
then be inferred based on the above relation. The spatial
resolution of the gradiometer is just given by the size of
the atomic ensemble A. The precision of this measure-
ment is determined by the width of the peak ( 1k0A ), the
shot noise of the photon counts and the angular resolu-
tion (δθ) of the CCD detector array. While the CCD
angular resolution can always be improved by increasing
the distance from the atomic ensemble, the former two
factors will determine the quantum limit for the sensi-
tivity of this gradiometer. We will examine the increase
of the sensitivity with number of atoms N used in the
probe. Our discussion is limited to the dilute regime (i.e.
k0A/N ≥ 2pi).
In a single probe using N atoms, the photon counts
at each CCD pixel can be written as ni + ∆ni, where
ni and ∆ni are respectively the expectation value and
fluctuation of the photon counts. We have
ni =
∫ θi+ δθ2
θi− δθ2
dθ
(
N2
4
f(θ) +
N
4
)
= δθ
N2
4
f¯(θi) + δθ
N
4
,
(9)
where f¯(θi) ≡ 1δθ
∫ θi+ δθ2
θi− δθ2
dθf(θ). Here we assume that
the i-th pixel of the detector collects all photons emitted
within the angle range [θi − δθ2 , θi + δθ2 ], where θi ≡ iδθ.
As shown in Appendix B, the photon statistics is found
to be Poissonian when the probe state is spin-coherent-
state, and we have
〈∆n2i 〉 ∼ ni, (10)
From the photon statistics {ni + ∆ni}, we can extract
a peak central position θc defined as
θc =
∑
i θi(ni + ∆ni)∑
i(ni + ∆ni)
. (11)
θc unavoidably has some deviation from θ0, the peak po-
sition precision is then defined as
√
(θc − θ0)2. Our anal-
ysis shows that (see Appendix C), when θc from a single
probe is used to extract the Zeeman field gradient ∂xη,
the overall precision is
∆(∂xη) ∼ k0
τ0
√
4pi−1/2
N2k0A
+ (k0A)4δθ6 (12)
For small δθ, the sensitivity is ∆(∂xη) ∼ k0τ0 1N√k0A which
scales inversely with N .
The smallest ensemble for the gradiometer can just be
an atom pair prepared on spin-coherent-state which emit
one photon on average in each probe. We can make N/2
independent probes using such atom pairs and extract
the field gradient from the integrated signal. For one
atom at position x1 and the other atom at x2, the pho-
ton has an emission distribution of ∼ 1+ 12 cosk·(x1−x2)
(see Fig. 4 (b)). This is a direct analog of the double-slit
interferometry. We assume each atom has fixed position
during a single probe but it can randomly appear in a 1D
line according to a Gaussian distribution ∝ e−2x2/A2 with
full-width-half-maximum A for multiple probes. Sum-
ming over N/2 probes, the total photon distribution pat-
tern is N2 +
N
4 e
−(kxA)2/4. The peak strength is thus ∼ N .
Following the previous derivations, we find sensitivity of
measuring the Zeeman field gradient is k0τ0
1√
Nk0A
with
the 1/
√
N scaling.
Thus, a single collective probe using N atoms has
sensitivity ∼ 1N k0τ0√k0A , which goes beyond the SQL of
∼ 1√
N
k0
τ0
√
k0A
for N/2 independent probes using atom-
pairs, as shown in Fig. 4 (d). The enhancement comes
from the N2 scaling of the peak strength, which is the
result of using large group of atoms collectively. In
Fig. 4 (d), we also compare with the gradiometer based
on Mach-Zehnder interferometer (MZI) of flying atoms
in atomic fountain which has the SQL sensitivity of
∼ 1√
N
1
τ0A
, while the inevitable velocity uncertainty fur-
ther sets a tighter upper bound for τ0 dependent on the
spatial resolution A (see Appendix D).
The collectively-enhanced sensitivity with 1/N scal-
ing is valid in the dilute regime N ≤ k0A. Beyond this
regime, the multiple light scattering can not be treated
perturbatively and its effect will eventually renormalize
the peak strength to the N scaling. By trapping atoms
in optical lattices, the probe time τ0 can be as long as the
single spin homogeneous dephasing time, in the order of
second or longer [12]. This diffraction based gradiome-
ter using stationary atoms is immune to collective noises
and uncertainty in atomic positions, and can have a fine
spatial resolution (given by the size of the ensemble). Re-
markably, for the scheme to work, the probe state does
not need to have high degree of spin polarization as an
imperfect polarization p just scales down the sensitivity
by 1/p.
The diffraction image can also be used for non-
demolition probe of atomic motions and temperature
in trapped cold atom gases, by introducing a waiting
time τ1 between the imprinting of phase gradient ∇φ
on the spin-coherent-state and the measurement of the
Stokes photon diffraction (Fig. 3). Atomic motions in
the interval τ1 will diminish the spin polarization, result-
ing in decay of the displaced diffraction peak [11]. For
|∇φ|2〈∆r2〉  1, the peak strength is N24 e−|∇φ|
2〈∆r2〉/3,
〈∆r2〉 being the mean square displacement of atoms. For
short τ1 when ∆r is small compared to the interatomic
distance d, 〈∆r2〉 = 2kBTm τ21 . Thus, by preparing a large
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FIG. 4: Zeeman field gradiometer using a 1D atomic ensemble. (a) and (b) Schematic of the setup. The ensemble and a 1D
CCD array are placed respectively on the two common focus lines of a group of elliptical cylinder mirrors. The mirrors ensure
the majority of photons is collected by the detector. The smallest ensemble can be an atom-pair, giving a direct analog of
the double-slit interferometry. (c) Signal of N
2
probes using atom-pairs (upper), and single probe using N atoms collectively
(lower), with each atom placed randomly on the focus line according to a Gaussian distribution with FWHM A. The peak
strength of the lower is enhanced by a factor of N . (d) Gradiometer sensitivity at a spatial resolution A = 1 mm with a
resource of N unentangled atoms. The diffraction based gradiometer using N atoms collectively (N
2
atom-pairs independently)
has a sensitivity of the 1
N
( 1√
N
) scaling, shown by the solid (dashed) black line. Sensitivity of flying atom Mach-Zehnder
interferometry (MZI) gradiometer is shown for reference. [39] The probe time τ0 =
A
∆v
= 0.1 s for the blue line, limited by a
finite velocity uncertainty ∆v = 1 cm/s, while τ0 = 1 s for all other lines, limited only by the single spin dephasing time.
phase gradient |∇φ| ∼ 1/d, the short time motion can be
probed and the atomic temperature can be read out from
the decay of the peak. Smaller |∇φ| allows the probe of
long time motion which will eventually crossover to the
diffusive regime by atom collisions. τ1 is upper limited by
the spin dephasing time, which is long enough for observ-
ing the entire crossover behavior from ballistic to diffu-
sive motions, providing information about the collisional
interactions in trapped gases. The collectively enhanced
peak strength of ∼ N2 provides sufficient signal-to-noise
ratio for determining 〈∆r2〉 at a given τ1 by a single shot
measurement.
VI. SUMMARY
In conclusion, we have shown that the far field diffrac-
tion image of spontaneously emitted Raman photons can
be used for detection of spin entanglement in cold atomic
ensembles as well as for quantum metrology applica-
tions. For many-body states with small or maximum
uncertainty in spin-excitation number, entanglement is
witnessed by the presence of either a sharp diffraction
peak or dip. For general states, the relative strength
of the peak or dip over its background detects entan-
glement through the pair-correlation sum rules derived
from spin squeezing inequalities. Spin precessions in Zee-
man field gradient lead to displacement of the diffraction
peak or dip while atomic motions lead to decay of its
strength. These can serve as principles for vector gra-
diometer of fields and for non-demolition measurement
of atomic temperature and collisional dynamics. The
gradiometer sensitivity can reach 1/N by using a spin-
coherent-state of N unentangled atoms as the probe,
which suggests a new possibility for going beyond the
SQL without entanglement. Motional dynamics leads to
temporal decay of the diffraction peak which can be used
for non-demolition probe of temperature and collisional
interactions in trapped atomic gases.
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Appendix A: Perturbative Solution to the Master
Equation
We assume the wave vector k0 of the driving laser is
perpendicular to the ensemble (i.e. k0 · ri = 0). For the
simplicity of expression, below we replace ∆k ≡ k − k0
by k when it appears in Jˆ−(∆k).
The collected photon number in a time τc along di-
rection k within the infinitesimal solid angle δΩ writes
np(k, τc) = Γ
δΩ
4pi
∫ τc
0
dtTr[Jˆ+(k)Jˆ−(k)ρ(t)]. Here we have
ignored the slowly varying single atom dipole emission
pattern. ρ(t) can be solved from the master equation
(Eq. (7)) by viewing the L1 term as perturbation.
We use the notation ρ(n)(t) and 〈· · · 〉(n)t ≡
Tr[· · · ρ(n)(t)] to describe the result keeping up to n-th
order effect of L1. For the 0-th order result ρ(0)(t) =
eL0tρ(0), there is 〈σˆ+mσˆ−n 〉(0)t = e−Γt〈σˆ+mσˆ−n 〉0. Then
n(0)p (k, τc) =
δΩ
4pi
(1− e−Γτc)〈Jˆ+(k)Jˆ−(k)〉0. (A1)
Below we solve for ρ(1)(t) which captures the leading
order effect of L1, and show that it is sufficient to account
for the effect of L1 under the dilute limit. We consider
an N -atom 1D lattice. In the 1-st order approximation,
the equation of motion for the pair-correlation is
d〈σˆ+mσˆ−n 〉(1)t
d(Γt)
=− 〈σˆ+mσˆ−n 〉(1)t
+
∑
j 6=n
(
Γjn
2Γ
− iGjn
2Γ
)〈σˆ+mσˆ−j σˆzn〉(0)t
+
∑
j 6=m
(
Γjm
2Γ
+ i
Gjm
2Γ
)〈σˆzmσˆ+j σˆ−n 〉(0)t .
(A2)
We denote Γj ≡ Γn±j,n = Γ sin |jkd||jkd| , Gj ≡ Gn±j,n =
Γ cos |jkd||jkd| , and a
(0)
t ≡ 〈σˆ+mσˆ−m〉(0)t , p(0)t ≡ 〈σˆ+mσˆ−n 〉(0)t,m 6=n.
Then
d〈σˆ+n σˆ−n 〉(1)t
d(Γt)
=− 〈σˆ+n σˆ−n 〉(1)t − p(0)t
(N−n∑
j=1
+
n−1∑
j=1
)Γj
Γ
,
d〈σˆ+mσˆ−n 〉(1)t,m 6=n
d(Γt)
=− 〈σˆ+mσˆ−n 〉(1)t,m6=n + 2B(0)t
Γm−n
Γ
+ α
(0)
t
(N−n∑
j=1
+
n−1∑
j=1
)(Γj
Γ
− iGj
Γ
)
+ α
(0)
t
(N−m∑
j=1
+
m−1∑
j=1
)(Γj
Γ
+ i
Gj
Γ
)
.
(A3)
Where α
(0)
t ≡ 12 〈σˆ+j σˆ−mσˆzn〉(0)t,j 6=m 6=n is the three-body cor-
relation, B
(0)
t ≡ 12 〈σˆ+mσˆ−mσˆzn〉(0)t,m 6=n − α(0)t .
Using 〈Jˆ+(k)Jˆ−(k)〉(1)t =
∑
n〈σˆ+n σˆ−n 〉(1)t +∑
m6=n e
ik·(rm−rn)〈σˆ+mσˆ−n 〉(1)t , and switching the summa-
tion index as
N∑
n=1
(N−n∑
j=1
+
n−1∑
j=1
)
=
N−1∑
j=1
(N−j∑
n=1
+
N∑
n=j+1
)
, (A4)
we write
d〈Jˆ+(k)Jˆ−(k)〉(1)t
d(Γt)
=− 〈Jˆ+(k)Jˆ−(k)〉(1)t
+ 4(N − j)
N−1∑
j=1
Γj
Γ
(
B
(0)
t cos(jk · d)−
1
2
p
(0)
t − α(0)t
)
+ α
(0)
t
[N−1∑
j=1
(Γj
Γ
− iGj
Γ
)
fj(k) + C.c.
]
. (A5)
Where d is the vector connecting neighboring atoms, and
fj(k) ≡
( N∑
m=1
eik·rm
)(N−j∑
n=1
+
N∑
n=j+1
)
e−ik·rn
=2 cos2
jk · d
2
sin2 Nk·d2
sin2 k·d2
− sin(Nk · d) sin(jk · d)
2 sin2 k·d2
.
(A6)
As Γj , Gj ∼ 1jkd , only those j terms with j  N make
significant contributions. Thus sin(Nk·d) sin(jk·d)
2 sin2 k·d2
can be
9ignored compared to cos2 jk·d2
sin2 Nk·d2
sin2 k·d2
. Then
d〈Jˆ+(k)Jˆ−(k)〉(1)t
d(Γt)
≈− 〈Jˆ+(k)Jˆ−(k)〉(1)t
+
2α
(0)
t
p
(0)
t
∑
j>0
Γj
Γ
(
cos(jk · d) + 1)〈Jˆ+(k)Jˆ−(k)〉(0)t
+N
∑
j>0
Γj
Γ
(
C2 cos(jk · d) + C3
)
, (A7)
with C2 ≡ 4B(0)t − 2α(0)t (a
(0)
t
p
(0)
t
− 1) and C3 ≡ −2p(0)t −
2α
(0)
t (
a
(0)
t
p
(0)
t
+ 1). In the above equation we have used the
relation 〈Jˆ+(k)Jˆ−(k)〉(0)t = N(a(0)t −p(0)t )+p(0)t sin
2 Nk·d
2
sin2 k·d2
.
The time dependence of a
(0)
t , p
(0)
t , α
(0)
t and B
(0)
t are
easily obtained from ρ(0)(t):
a
(0)
t = e
−Γta(0)0 , p
(0)
t = e
−Γtp(0)0 ,
α
(0)
t = e
−2Γtα(0)0 −
1
2
e−Γt(1− e−Γt)p(0)0 ,
B
(0)
t =
1
4
e−2Γt
〈
(σˆzm + 1)(σˆ
z
n + 1)
〉
0
− 1
2
e−Γta(0)0 − α(0)t . (A8)
Solving the differential equation Eq. (A7), we obtain
the photon diffraction pattern under the 1-st order ap-
proximation:
n(1)p (k, τc) = Γ
δΩ
4pi
∫ τc
0
dt〈Jˆ+(k)Jˆ−(k)〉t
≈ δΩ
4pi
N
∑
j>0
Γj
Γ
[
f2(τc) cos(jk · d) + f3(τc)
]
+
δΩ
4pi
[
1− e−Γτc + f1(τc)
∑
j>0
Γj
Γ
(
cos(jk · d) + 1)]
× 〈Jˆ+(k)Jˆ−(k)〉0, (A9)
where
f1(τc) = (1− e−Γτc)2α
(0)
0
p
(0)
0
+ τce
−Γτc +
1
2
e−2Γτc − 1
2
,
f2(τc) =
1
2
(1− e−Γτc)2〈(σˆzm + 1)(σˆzn + 1)〉0
+ (1− Γτce−Γτc − e−Γτc)(p(0)0 − a(0)0 )
− (1− e−Γτc)2
(α(0)0
p
(0)
0
+
1
2
)(
a
(0)
0 + p
(0)
0
)
,
f3(τc) =− (1− e−Γτc)2
(α(0)0
p
(0)
0
+
1
2
)(
a
(0)
0 + p
(0)
0
)
+ (1− Γτce−Γτc − e−Γτc)
(
a
(0)
0 − p(0)0
)
. (A10)
f1(τc), f2(τc), f3(τc) ∼ O
(
(Γτc)
2
)
for Γτc  1.
Comparing Eq. (A1) and Eq. (A9), we can see that
the modulation of the diffraction pattern by the multiple-
light scattering is described by cos(jk · d). The dipole-
dipole interaction with coefficients Gj has a vanishing
1-st order effect, thus it does not appear in our above
derivation. Obviously for j  N the modulation is slowly
varying in k space. We are interested only in the diffrac-
tion pattern in the neighborhood of the forward direction
where cos(jk · d) ≈ 1, then n(1)p (τc →∞) = β1n(0)p (τc →
∞) + δΩ4piNβ2, with β1 = 1 + 2f1(τc → ∞)
∑
j>0
Γj
Γ and
β2 = [f2(τc →∞)+f3(τc →∞)]
∑
j>0
Γj
Γ . The peak/dip
to background ratio of the initial diffraction pattern (i.e.
τc → 0) is r(0) = N
2p
(0)
0
N [a
(0)
0 −p(0)0 ]
which measures the pair-
correlation sum of the initial atomic state of interest.
In the diffraction pattern of all emitted photons (i.e.
τc →∞), it becomes
r(1) =
β1N
2p
(0)
0 +Nβ2
β1N [a
(0)
0 − p(0)0 ] +Nβ2
= (1 + δ)r(0),
δ ∼= β2
β1[a
(0)
0 − p(0)0 ] + β2
. (A11)
Since
∑
j>0
Γj
Γ ≈ 1kd
∫∞
0
sin x
x dx ∼ 1kd  1, we expect
β1 ≈ 1 and β2  1. Thus δ  1. When the initial
atomic state is an eigenstate of Jˆz or a separable state,
we have
δ ∼=
−2a(0)0 p(0)0
∑
j>0
Γj
Γ
a
(0)
0 − p(0)0
. (A12)
We note that p
(0)
0 = P/(N
2 − N), which has the max-
imum value of 1/4 in the neighborhood of Dicke state
with half-spin-excitation. For typical states, p
(0)
0 ∼ 1/N
and then δ scales inversely with N .
To examine the convergence of the perturbation solu-
tion, we compare it with exact numerical solution of the
master equation for a small ensemble in an 1D lattice
with various lattice constant d. The magnitude of the
multiple-light scattering terms in L1 decays fast with the
distance, thus only the nearest neighbor terms are impor-
tant. Because of the limit of computation capability, in
the calculation presented in Fig. 5, 6 and 7 when refer-
ring to multiple-light scattering, we only keep the nearest
neighbor terms in L1 (i.e. those with coefficients Γ1) and
artificially set Γj = 0 for j ≥ 2. But for dipole-dipole
interaction all Gj terms are considered in the exact nu-
merical solution. For this reduced master equation, we
compare the perturbative solution and exact numerical
solution. We can see the perturbative solution keeping
the 1st order effect of L1 (i.e. Eq. (A9)) has excellent
convergence to the exact numerical solution for both the
dip pattern and peak pattern. In particular, the mul-
tiple light scattering has negligible effects if we set the
collection time T ≤ 0.1/Γ. Note that in the initial inter-
val of T = 0.1/Γ, 10% of all spin-excitations are already
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FIG. 5: Diffraction pattern of Stokes photons emitted by a
chain of 10 atoms initially in the spin-coherent-state with
in-plane polarization ⊗10j=1 |↑〉j+|↓〉j√2 . With the collection in-
terval T = 5/Γ, 99.3% of all spin-excitations are converted
into Stokes photons, and with T = 0.1/Γ, 10% of all spin-
excitations are converted into Stokes photons. Red dashed
lines: exact numerical solution of the master equation Eq. (7).
Blue solid lines in (a-c): perturbative solution keeping the 1st
order effect of L1 (i.e. Eq. (A9)). Blue solid lines in (d-f):
the 0-th order solution without L1 (i.e. Eq. (A1)).
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FIG. 6: Diffraction pattern of Stokes photons emitted by
a chain of 12 atoms initially in the many-body singlet (i.e.
J = 0, M = 0). Red dashed lines: exact numerical solu-
tion of the master equation Eq. (7). Blue solid lines in (a-c):
perturbative solution keeping the 1st order effect of L1 (i.e.
Eq. (A9)). Blue solid lines in (d-f): the 0-th order solution
without L1 (i.e. Eq. (A1)).
converted into Stokes photons. In Fig. 8, we show that
effects of next-nearest neighbor terms in L1 (i.e. with
coefficients Γ2 and Γ3) are also well accounted by the
perturbative solutions in Eq. (A9). This calculation also
confirms that the modulation of the diffraction pattern
is dominated by the near neighbor cross terms, and the
effect of Γ3 term is already small as compared to the Γ1
and Γ2 terms.
We have also considered a 2D atomic ensemble in the
xy plane in a large trap, where the atomic number density
is Gaussian n(r) = n(0)e−2r
2/A2 at position r with A
the full-width-half-maximum (FWHM). The total atom
number is given by N =
∫
drn(r) = pi2n(0)A
2 with the
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0, M = 0) with various duration of the collection time T . Red
dashed lines: exact numerical solution of the master equation
Eq. (7). Blue solid lines: perturbative solution keeping the
1st order effect of L1 (i.e. Eq. (A9)).
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FIG. 8: The results which not only includes the nearest neigh-
bor Γ1 term, but also contains (a) next-nearest neighbor Γ2
and (b) Γ2, Γ3 terms for 12-qubit J = 0, M = 0 permutation
invariant state. Values of d and T are given in the figure. Red
dashed lines: the numerical simulated results. Blue solid lines:
the fitting using Eq. (A9). The dipole-dipole interaction Gj
is not consider here.
dilute condition k0A
√
N ≥ 2pi satisfied. The result is
similar to the case of 1D lattice that the peak/dip to
background ratio is only slightly changed.
For dilute hot atomic vapor where atomic motion is
much faster than the Stokes photon emission, we find
that the diffraction pattern is similar to that of cold
atoms in the neighborhood of the forward direction,
i.e. with a sharp diffraction peak/dip from which the
pair-correlation sum of atoms can be read out. Since
atoms move around in a timescale faster than the pho-
ton emission, the coefficients of cross terms in L1 should
be replaced by Γjj′ = Γ
〈 sin(k0|rj−rj′ |)
k0|rj−rj′ |
〉
mot
= Γ2(k0A)2 ,
Gjj′ =
G
(k0A)2
which are independent of j and j′ [20].
Here A is the size of atomic vapor. The original master
11
equation Eq. (7) becomes
ρ˙ =
Γ
2
∑
j
(
2σˆ−j ρσˆ
+
j − σˆ+j σˆ−j ρ− ρσˆ+j σˆ−j
)
+
Γ
4(k0A)2
(
2Jˆ−ρJˆ+ − Jˆ+Jˆ−ρ− ρJˆ+Jˆ−
)
+ i
G
2(k0A)2
[Jˆ2x + Jˆ
2
y , ρ]. (A13)
In the RHS of above master equation, the first term corre-
sponds to atoms independently emit photons, the second
term comes from multiple light scattering, and the third
term is the dipole-dipole interaction. Then
d〈Jˆz〉t
dt
= −Γ
(
N
2
+ 〈Jˆz〉t
)
− Γ
2(k0A)2
〈Jˆ+Jˆ−〉t,
d〈Jˆ+Jˆ−〉t
dt
= −Γ〈Jˆ+Jˆ−〉t + Γ
(k0A)2
〈Jˆ+JˆzJˆ−〉t. (A14)
The angular distribution of the emission rate is given by
〈Jˆ+(k)Jˆ−(k)〉t
=
N
2
+ 〈Jˆz〉t +
(〈Jˆ+Jˆ−〉t − 〈Jˆz〉t − N
2
)∣∣〈ei∆k·rj 〉mot∣∣2.
(A15)
Just like the case of dilute cold atom ensemble, the ini-
tial diffraction pattern has a sharp diffraction peak/dip
in the forward direction with a width given by 1k0A ,
and a strength determined by the pair-correlation sum
P = 〈Jˆ+Jˆ−〉0 − 〈Jˆz〉0 − N2 . The value of the pair-
correlation sum can be read out from the relative ratio
of the peak/dip to the neighboring background. From
Eq. (A14), we can see the background part N2 + 〈Jˆz〉t
in the emission rate decays with time, and the existence
of Γ2(k0A)2 〈Jˆ+Jˆ−〉t term makes the decay faster. On the
other hand, the peak/dip strength 〈Jˆ+Jˆ−〉t − 〈Jˆz〉t − N2
may increase with time as long as 〈Jˆ
+Jˆz Jˆ
−〉t
(k0A)2
+ 〈Jˆ
+Jˆ−〉t
2(k0A)2
>
〈Jˆ+Jˆ−〉t − 〈Jˆz〉t − N2 . This is just the case discussed
in the study of superradiance phenomena by Rehler and
Eberly [14], where the authors show that in a very dense
ensemble a directional superradiance may develop at
later time even when the initial state emission pattern
is almost isotropic in all direction and has no superradi-
ance behavior.
Here we are interested in how the peak/dip to back-
ground ratio evolves as a function of collection interval.
It is obvious that only the second terms in the RHS
of both equations in Eq. (A14) can change this ratio.
When the dilute condition (k0A)
2/N ≥ (2pi)2 is satisfied,
〈Jˆ+Jˆ−〉t
2(k0A)2
 N2 + 〈Jˆz〉t and 〈Jˆ
+Jˆz Jˆ
−〉t
(k0A)2
 〈Jˆ+Jˆ−〉t, the ef-
fects is negligible as compared to the first terms. Thus,
the peak/dip to background ratio is barely changed by
the multiple light scattering and dipole-dipole interaction
when the dilute condition is satisfied.
Appendix B: Photon number fluctuations
We analyze the shot noise of the photon counts at
the detectors. The total number of Stokes photons in
a given direction k at collection time τc is given by
np(τc) =
∑
k〈aˆ†k(τc)aˆk(τc)〉, here the summation is over
a finite solid angle δΩ. From the effective light-atom cou-
pling Hamiltonian (Eq. (1)), the evolution of the photon
operator writes
aˆk(t) = aˆk(0)e
−iωkt+ igk
∫ t
0
dτJˆ−(k, τ)e−iωk(t−τ). (B1)
The photon number fluctuation can then be expressed
in terms of the atomic correlations
∆n2p ≡
〈(∑
k
aˆ†k(τc)aˆk(τc)
)2〉
−
〈∑
k
aˆ†k(τc)aˆk(τc)
〉2
= np − n2p +
∑
kk′
〈
aˆ†k(τc)aˆ
†
k′(τc)aˆk(τc)aˆk′(τc)
〉
= np − n2p +
2
(4pi)2
∫
dΩkdΩk′
∫ τc
0
dt1
∫ t1
0
dt2〈
Jˆ+(k′, t2)Jˆ+(k, t1)Jˆ−(k, t1)Jˆ−(k′, t2)
〉
. (B2)
Here for simplicity we have ignored the slowly varying
single atom dipole emission pattern.
In Appendix A, we have shown that the L1 term in
the master equation only results in a small modulation
on the diffraction pattern. Thus, in deriving ∆n2p the
effect of L1 term will not be considered since we are
only interested in the order of magnitude of the fluc-
tuation. From the quantum regression theorem [38],
we have 〈Jˆ+(k′, t)Jˆ+(k, t + τ)Jˆ−(k, t + τ)Jˆ−(k′, t)〉 =
e−Γτ−2ΓtTr[Jˆ+(k′)Jˆ+(k)Jˆ−(k)Jˆ−(k′)ρ(0)]. Assuming
that a CCD pixel collects photons emitted in a small
solid angle δΩ . 1N . During the time interval of 0 to ∞,
we find the expectation value and fluctuation in the num-
ber of photons collected by a pixel placed in the direction
of k:
np ≈ δΩ
4pi
Tr
[
Jˆ+(k)Jˆ−(k)ρ(0)
]
,
∆n2p ≈
δΩ2
(4pi)2
Tr
[
Jˆ+(k)Jˆ+(k)Jˆ−(k)Jˆ−(k)ρ(0)
]
+np − n2p. (B3)
For atomic ensemble initially in eigenstates of Jˆz
or spin-coherent-states with in-plane polarization, a
straightforward calculation shows np ∼ N2δΩ ∼ N ,
∆n2p ∼ np for k in the neighborhood of the forward di-
rection, and np ∼ NδΩ ∼ 1, ∆n2p ∼ np for k away from
the forward direction, i. e., the photon statistics is Pois-
sonian.
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Appendix C: Extraction of the peak position from
the photon statistics
The most intuitive way to define the central position
from the photon distribution {ni + ∆ni} collected at the
CCD pixels is,
θc =
∑
i θi(ni + ∆ni)∑
i(ni + ∆ni)
= θ¯c +
∑
i(θi − θ¯c)∆ni∑
i(ni + ∆ni)
. (C1)
Where θc is the peak central position extracted from a
single probe, and θ¯c ≡
∑
i θini∑
i ni
is the expectation value of
θc in an ensemble measurement consists of many probes.
We first show that θ¯c can infinitely approach θ0 with
sufficient resolution of the CCD.
For large N , we can neglect the homogeneous back-
ground which is by a factor of N smaller than the peak
feature, and write
θ¯c =
∑
i θif¯(θi)∑
i f¯(θi)
=
∫ θmax
θmin
dθθf(θ)∫ θmax
θmin
dθf(θ)
+  = θ0 + . (C2)
The deviation  comes from transforming the summation
into integral, which writes
 =
∑
i
∫ θi+ δθ2
θi− δθ2
dθ(θi − θ)f(θ)∫ θmax
θmin
dθf(θ)
=
∑
i
∫ δθ/2
0
dθθ
[
f(θi + θ)− f(θi − θ)
]∫ θmax
θmin
dθf(θ)
≈
2
∫ δθ/2
0
dθθ2
∑
i
df(θ)
dθ
∣∣
θ=θi∫ θmax
θmin
dθf(θ)
. (C3)
Because function f(θ) satisfies df(θ0+θ)dθ = −df(θ0−θ)dθ , for
every pixel index i we can find j such that θi− θ0 = θ0−
θj + O(δθ), so
df(θ)
dθ
∣∣
θ=θi
+ df(θ)dθ
∣∣
θ=θj
∼ (k0A)2f(θi)δθ +
O(δθ2). Thus the deviation in Eq. (C3) becomes,
 ∼ (k0A)2
∫ δθ/2
0
dθθ2 ∼ (k0A)2δθ3, (C4)
which is O(δθ3). When δθ ≥ 1k0A , the sensitivity is de-
termined by the CCD resolution. When δθ  1k0A , θ¯c
can infinitely approach θ0.
In a single probe, the sensitivity is limited by the pho-
ton shot noise which leads to uncertainty of θc:
√
(θc − θ¯c)2 ≈
√∑
i(θi − θ¯c)2∆n2i∑
i ni
≈ 2
N
√
k0A
√∫
dxx2e−x2/4∫
dxe−x2/4
=
2pi−1/4
N
√
k0A
. (C5)
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FIG. 9: Gradiometer based on flying atom Mach-Zehnder in-
terferometry (MZI).
Thus, for using Eq. (C1) to extract the Zeeman field gra-
dient ∂xη from a single probe, the overall precision is
∆(∂xη) ∼ k0
τ0
√
4pi−1/2
N2k0A
+ (k0A)4δθ6. (C6)
For small δθ, the sensitivity is ∆(∂xη) ∼ k0τ0 1N√k0A which
scales inversely with N .
We can also use a function g(θi, α) =
δθN
2
4 e
− (k0A)24 (θi−α)2 + δθN4 to fit the obtained data
ni + ∆ni. The peak position θc is defined as the value
of α which minimizes
∑
i
[
g(θi, α) − ni − ∆ni
]2
. This
method gives the same sensitivity ∆(∂xη) ∼ k0τ0 1N√k0A
for small δθ.
Appendix D: Gradiometer Using Flying Atom
Mach-Zehnder Interferometry
A standard method for field gradiometer is based on
phase estimation using flying atom Mach-Zehnder inter-
ferometer (MZI) [39] (see Fig. 9). First, a pi/2 pulse is
applied to prepare an atom in the superposition of spin-
up and spin-down state, which is then launched from
x = 0 with a velocity v. After free evolution for an in-
terval τ0/2 , a pi pulse is applied to flip the spin. Finally,
another pi/2 pulse is applied and the population on the
spin-up state is measured for observing the interference
signal. In the first interval of τ0/2, the spin up and down
states acquire a relative phase shift φ1 = (η0 +
vτ0∂xη
4 )
τ0
2 ,
where η0 is the homogeneous part of the Zeeman field
and ∂xη is the gradient to be measured. vτ0/2 = A/2 is
the distance travelled by the atom with velocity v. In the
second interval of τ0/2, the Zeeman field induces a phase
shift φ2 = −(η0 + 3vτ0∂xη4 ) τ02 . By measuring the popula-
tion of the spin up state, this MZI gives an estimate of
the total phase φ ≡ φ1 +φ2 = − 14vτ20 ∂xη from which the
gradient is then inferred: ∂xη = − 4φvτ20 .
The sensitivity of the gradiometer is limited by the
shot noise ∆φ for phase estimation, and the uncertainty
in velocity ∆v. In the i-th probe using a single atom, the
phase one readout can be written as
φi =
1
4
∂xητ
2
0 (v¯ + ∆vi) + ∆φi. (D1)
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where ∆φi is the error for phase estimation. v¯ and ∆vi
are respectively the expectation value and uncertainty in
velocity. The inferred value of the gradient is then,
∂xη
(i) ≡ 4φi
τ20 v¯
= ∂xη + ∂xη
∆vi
v¯
+
4∆φi
τ20 v¯
. (D2)
Using an ensemble of N atoms, the error in measuring
the gradient is
1
N
√∑
i
(∂xη(i) − ∂xη)2
=
∂xη
v¯
1√
N
√
1
N
∑
i
∆v2i +
4
τ20 v¯
1√
N
√
1
N
∑
i
∆φ2i .
(D3)√
1
N
∑
i ∆φ
2
i = 1 which is the shot noise for phase es-
timation using the MZI [3]. Thus the precision of MZI
scheme is:
∆(∂xη) = ∂xη
∆v√
Nv¯
+
4√
Nτ0A
, (D4)
where A = v¯τ0 represents the spatial resolution of the
gradiometer and ∆v =
√
1
N
∑
i ∆v
2
i is the velocity un-
certainty.
For atoms launched by an atomic fountain, the un-
certainty in atom velocity is intrinsically limited by the
temperature: ∆v ∼√kBT/m. For example, with a tem-
perature of T ∼ 1 µK, ∆v ∼ 1 cm/s. To reduce the error
caused by this velocity uncertainty (1st term on RHS of
Eq. (D4)), v¯ shall be large as compared to ∆v. This then
sets upper bound for the probe time at a desired spatial
resolution since τ0 = A/v¯.
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